We construct simply connected, complete, non-CM C biconservative surfaces in the 3-dimensional Euclidean sphere S 3 , reobtaining, in a different way, a known result in [13] .
Introduction
The study of biconservative submanifolds has been experiencing an important development in the recent years. In the simpler case of hypersurfaces in spaces with constant sectional curvature, i.e., in space forms, the biconservative equation is given by
where A is the shape operator and f = trace A is the mean curvature function. It is clear that any hypersurface in space forms with constant mean curvature (CM C) are trivially biconservative. Therefore, we are interested in biconservative hypersurfaces which are non-CM C, i.e., grad f = 0 at any point of an open subset of the domain.
We mention that biconservative hypersurfaces satisfy div S 2 = 0, where S 2 is the stress-bienergy tensor (for more details, see [8, 10] ).
Biconservative hypersurfaces were first studied by Th. Hasanis and Th. Vlachos in [7] . Then, many authors (for example, see [1, 3-5, 11, 18-22] ) have contributed to the development of this research area. In most cases, there were obtained only local classification results.
An important problem is the study of global properties of non-CM C biconservative hypersurfaces in space forms. We note that some global and uniqueness results concerning biconservative surfaces and R 3 and S 3 are given in [13, 15, 16] .
In the 3-dimensional Euclidean space R 3 simply connected, complete, non-CM C biconservative surfaces were constructed working in an extrinsic way, i.e., with the images of the known (standard) biconservative immersions, and also in an intrinsic way, i.e., first constructing the abstract domain of the biconservative immersion (biconservative surface) and then the immersion itself. We note that, in order to obtain the abstract domain, one used isothermal coordinates and a gluing process; the biconservative immersion obtained in Theorem 4.1 from [13] has a very explicit expression.
In the same paper [13] , the author constructed simply connected, complete, non-CM C biconservative surfaces in the 3-dimensional Euclidean sphere S 3 working in an intrinsic way (as the extrinsic way proved to be far more difficult). The author did not use here the isothermal coordinates, but the fact that the abstract standard biconservative surface is isometric to a certain surface of revolution in R 3 and, by a gluing process, one obtained the abstract domain of the simply connected, complete, non-CM C biconservative immersion. The expression of the biconservative immersion is less explicit than in the R 3 case (see Theorem 4.18 in [13] ).
In a very recent paper [14] , the authors constructed the same type of surfaces in the 3-dimensional hyperbolic space H 3 , working both in an extrinsic and intrinsic way. For the intrinsic manner, it was proposed a new method of constructing the abstract domain of the simply connected, complete, non-CM C biconservative immersion. The main idea was to rewrite the metric on the abstract standard surface as
where lim u 0 h(u) ∈ R * + . Then, one glues two such abstract surfaces along the Ov axis, obtaining the abstract domain. Next, the existence and uniqueness of the simply connected, complete, non-CM C biconservative surface Φ : R 2 → H 3 follow from the fundamental theorem of surfaces in 3-dimensional space forms. We note that the fundamental theorem does not provide an explicit expression for the immersion Φ, but it is not difficult to get such an expression by using the known parametric equations of the standard biconservative surfaces and the uniqueness (up to isometries of H 3 ) of the restrictions of Φ to the half-planes u > 0 and u < 0.
Our paper is organized as follows. In Section 2 we review some known results concerning the properties of biconservative hypersurfaces in space forms. Most of them were obtained in [1, 2, 12] . In Section 3 we use the same idea as in [14] to construct the abstract domain of the simply connected, complete, non-CM C biconservative immersions and the shape operator, then to use the fundamental theorem of surfaces in S 3 . In this way we basically reobtain Theorem 4.18 in [13] .
Conventions. We assume that all manifolds are connected and oriented, and use the following sign conventions for the rough Laplacian acting on sections of ϕ −1 (T N ) and for the curvature tensor field of N , respectively:
General properties of biconservative hypersurfaces in space forms
In this section we will present some results concerning biconservative hypersurfaces in space forms N m+1 (c), where N m+1 (c) denotes a (m + 1)-real space with constant sectional curvature c, and then we will focus on biconservative surfaces in N 3 (c).
Thus, biconservative hypersurfaces may be regarded as the next natural object to be studied after CM C surfaces.
Considering the divergence in equation (2.1), then using the fact that div A = grad f and div (A (grad f )) = div A, grad f + A, Hess f , we obtain the following corollary.
Next, we show that the two distributions determined by grad f are completely integrable. As a one-dimensional distribution is always integrable, we only have to prove the following result.
Theorem 2.4. Let M m be a biconservative hypersurface in N m+1 (c) and assume that grad f = 0 at any point of M . Then, the distribution D orthogonal to that determined by grad f is completely integrable. Moreover, any integral manifold of D, of maximal dimension, has flat normal connection as a submanifold in N m+1 (c).
Proof. Since grad f = 0 at any point of M , there exists a global unit vector field
As M is a biconservative hypersurface in a space form with grad f = 0 at any point of M , using (2.1), we easily get A (X 1 ) = −(f /2)X 1 .
Let {X i } i=1,m be a local orthonormal frame field on M . We note that {X k } k=2,m is a local basis of the distribution D orthogonal to that determined by grad f . It is clear that grad f = (X 1 f ) X 1 and X k f = 0, for any k = 2, m.
As grad f = 0, we can assume that there exists U ; x 1 , · · · , x m a local chart on M such that f = x 1 . We have
and then one obtains grad f, ∂ ∂x k = 0, for any k = 2, m. It follows that ∂ ∂x 2 , · · · , ∂ ∂x m is a local basis for the distribution D and therefore D is completely integrable. Further, let us denote by P an integral manifold of D, of maximal dimension and use indices 1 and 2 for objects corresponding to the normal bundle of P in M , and in N , respectively. Consider the global unit normal vector field η of M in N . Clearly {X 1 , η} is a unit frame field in the normal bundle of P in N .
Let Z ∈ C(T P ). Obviously, Z is also a tangent vector field of M , and using the Gauss formula (for M in N ), one obtains
We note that A (X i ) = −(f /2)X 1 is a normal vector field of P in N , and then
. Using the Weingarten formula (for P in N ) one also has
Now, since A 2 X 1 (Z) is a tangent vector field of M , one gets 2 ∇ ⊥ Z X 1 ∈ C(T M ). On the other hand, 2 ∇ ⊥ Z X 1 is also a normal vector field of P in N , so it is collinear with X 1 . But |X 1 | = 1, and then 2 ∇ ⊥ Z X 1 , X 1 = 0. Finally, we obtain
Similarly, we can see that 2 ∇ ⊥ Z η ∈ C(T M ). Indeed, as |η| = 1, we have ∇ ⊥ Z η = 0 and, from the Weingarten formula (for M in N ), one obtains ∇ N Z η = −A(Z) ∈ C(T M ). Now, using the Weingarten formula, this time for P in N , it follows that
Since A 2 η (Z) ∈ C(T M ), we come to the conclusion. As the vector field 2 ∇ ⊥ Z η is tangent to M and it is also a normal vector field of P in N , one gets that 2 ∇ ⊥ Z η is collinear with X 1 . Moreover, since X 1 , η = 0 and 2 ∇ ⊥ Z X 1 = 0, we obtain
Using (2.2) and (2.3), we conclude with 2 R ⊥ (Z 1 , Z 2 ) σ = 0, for any Z 1 , Z 2 ∈ C(T P ) and σ a normal vector field of P in N .
Remark 2.5. The above result, which holds for biconservative hypersurfaces in any space form N m+1 (c), was given in [12] and extends the similar result for biconservative hypersurfaces in R m+1 , obtained in [7] .
Next, we will present some properties of biconservative surfaces in N 3 (c) with grad f nowhere vanishing. (ii) f 2 > 0, i.e., c − K > 0, grad K = 0 on M , and the level curves of K are circles in M with constant curvature
where ∆ is the Laplace-Beltrami operator on M .
In particular, it follows that, choosing H/|H| as the unit normal vector field, we have f > 0.
We recall now, a classical result concerning the existence of CM C surfaces in N 3 (c).
Theorem 2.7 ([9]). Let ϕ : M 2 , g → N 3 (c) be a CM C surface. Then |H| 2 + c − K ≥ 0 at any point, and either |H| 2 + c − K = 0 everywhere, i.e., M is umbilical, or |H| 2 +c−K = 0 only at isolated points. Moreover, on the set where |H| 2 +c−K > 0, we have
or, equivalently,
the symmetric tensor b can be written as
The matrix of the shape operator A with respect to the basis ∂ ∂u , ∂ ∂v is
Since trace A = f , we can write
where h 1 is a smooth function on U .
As usually, we denote
and, substituting b 11 and b 22 , we find
The matrix of A with respect to ∂ ∂u , ∂ ∂v becomes
From the Gauss equation, det
By a straightforward computation, it can be seen that the Codazzi equation is equivalent to h = h 1 − ih 2 being holomorphic.
Since the zeros of a non-zero holomorphic function are isolated, we either have |H| 2 + c − K = 0 on U , or |H| 2 + c − K = 0 only at isolated points of U . Since U was arbitrarily chosen, it follows by a standard argument that |H| 2 + c − K ≥ 0 on M , and either |H| 2 + c − K vanishes everywhere, or the zeros of |H| 2 + c − K are isolated points.
As h is holomorphic, on the set where |H| 2 +c−K > 0, we have that ∆ log |h| 2 = 0 and, since e −2ρ ∆ρ = K, one obtains
Rewriting the first term as
it is easy to see that (2.5) is equivalent to (2.6).
Remark 2.8 ([17]
). If ϕ : M 2 , g → N 3 (c) is a minimal surface, i.e., H = 0, the conclusions of Theorem 2.7 also hold.
Next, we recall a uniqueness result, that was first stated, as a remark, in [2] . For the sake of completeness we will also give its proof. Theorem 2.9 ([2]). Let M 2 , g be an abstract surface and c ∈ R a constant. If M admits two biconservative immersions in N 3 (c) such that the gradients of their mean curvature functions are different from zero at any point of M , then the two immersions differ by an isometry of N 3 (c).
Proof. Let ϕ : M 2 , g → N 3 (c) be a biconservative immersion with grad f = 0 at any point. Then, we can assume that its mean curvature function is given by f = 2 (c − K)/3, that means f depends only on the abstract surface M 2 , g . Define {X 1 , X 2 } a positively oriented global orthonormal frame field by
Then, it is easy to check that
It follows that the shape operator of the immersion ϕ does not depend on ϕ, but only on the surface M 2 , g and we conclude.
Next, we recall some properties of abstract surfaces for which the level curves of K are circles with constant curvature given in (2.4). 
then, for any point p 0 ∈ M , there exists a positively oriented parametrization X =
is an integral curve of X 2 , for any u and v;
(iv) the Gaussian curvature K = K(u) satisfies
Now, using the above theorems, we can prove the next result. If there exists a biconservative immersion ϕ :
, then grad f = 0 and f > 0 at any point of M . Moreover, the immersion ϕ is unique.
Proof. Assume that there exists a biconservative immersion ϕ : 
On the other hand, as ϕ is CM C or minimal on V , using the same local coordinates (u, v) as above, and the fact that |H| 2 + c − K > 0, equation (2.6) can be rewritten as
From equations (2.7) and (2.8), one obtains
We note that
where α ∈ R is a constant, is a first integral of (2.7). Now, if we replace (K ) 2 in (2.9), one gets the following. If ϕ is minimal, then K has to satisfy a fourth order polynomial equation with constant coefficients, with the leading term 4K 4 , or, if ϕ is CM C, we obtain that K has to satisfy a 16-th order polynomial equation with constant coefficients, with the leading term 256K 16 . In both situations, we come to the conclusion that K has to be a constant, and this is a contradiction.
Thus, grad f = 0 on W , which is an open dense subset of M . From the Gauss equation, K = c + det A, we obtain on W that
As W is dense in M , it follows that, in fact, the above relation holds on whole M . Therefore, since c − K > 0 and grad K = 0 on M , one obtains f > 0 and grad f = 0 at any point of M . Finally, the uniqueness of ϕ follows from Theorem 2.9.
We recall that in [2] , the authors proved the following characterization theorem for biconservative surfaces in N 3 (c). Finally, using Theorem 2.11 and Theorem 2.12 we can state the following result. Then, locally, there exists a unique biconservative embedding ϕ :
Moreover, the mean curvature function is positive and its gradient is different from zero at any point of M .
Next, we give some equivalent conditions with the hypothesis from the above theorem. 
(iv) the metric g can be locally written as g = e 2σ du 2 + dv 2 , where (u, v) are positively oriented local coordinates, and σ = σ(u) satisfies the equation
and the condition σ > 0; moreover, the solutions of the above equation,
where σ is in some open interval I, σ 0 ∈ I and a, u 0 ∈ R are constants.
Complete biconservative surfaces in S 3
From Theorems 2.12 and 2.14, we have the following local intrinsic characterization of biconservative surfaces in N 3 (c): if we consider an abstract surface M 2 , g with c − K(p) > 0 and (grad K)(p) = 0, for any p ∈ M , then it locally admits a (unique) biconservative immersion in N 3 (c) with a nowhere vanishing gradient of the mean curvature if and only if the metric g can be locally written as g(u, v) = e 2σ(u) du 2 + dv 2 , where σ (u) = 0, for any u, and u = u(σ) is given by
a and u 0 being real constants.
With the new coordinates (σ, v) the metric g can be written as
and we have, for each c, a one parameter family of such metrics. In order to find a more convenient expression for the metric, we will change the coordinates twice. The first change is given by
With the second change of coordinates (ξ, v) = ξ, θ/3 3/4 , one gets
where C is a real constant, θ ∈ R and ξ is positive and belongs to an open interval such that T (ξ) = −ξ 8/3 + Cξ 2 − 3c is positive. By a standard analysis, we determine the largest interval for ξ > 0 such that T (ξ) > 0, and we come to the following conclusion.
Theorem 3.1. Let M 2 , g(u, v) = e 2σ(u) du 2 + dv 2 be an abstract surface, where u = u(σ) is given by
where a and u 0 are real constants and I is an open interval. Then M 2 , g is isometric to
where C, ξ 01 and ξ 02 are as follows:
• if c = 0, then C > 0, ξ 01 = 0, and ξ 02 > (3C/4) • if c = 1, then C > 4/ √ 3, ξ 01 ∈ 0, (3C/4) 3/2 and ξ 02 ∈ (3C/4) 3/2 , ∞ are the vanishing points of −ξ 8/3 + Cξ 2 − 3.
Remark 3.2. We call the surface (D c,C , g c,C ) an abstract standard biconservative surface, and, for each c, we have a one-parameter family of abstract standard biconservative surfaces indexed by C.
Remark 3.3. We note that, when c = 1, we have lim ξ ξ 01
and therefore, the metric g 1,C blows up at the boundary given by ξ = ξ 01 and ξ = ξ 02 .
The surface (D c,C , g c,C ) is not complete since the geodesic θ = θ 0 cannot be defined on the whole R, and by standard computations it can be proved that its Gaussian curvature is given by
Therefore, As the metric g c,C is not complete, if we want to obtain a complete one, denoted bỹ g c,C or simplyg c , we will change one more time the coordinates and then we will glue, in a simple way, two or more (isometric) metrics g c,C . We will continue with the following change of coordinates (ξ, θ) = (ξ 0 (ρ), θ) ,
ξ 00 being an arbitrarily fixed constant in (ξ 01 , ξ 02 ).
We are allowed to make the above change since ρ is a strictly decreasing function. Moreover, we have the following lemma. • If c = 0, then lim ξ ξ 01 ρ 0 (ξ) = lim ξ 0 ρ 0 (ξ) = ∞ and lim ξ ξ 02 ρ 0 (ξ) = ρ 0,−1 , where ρ 0,−1 is a negative real constant. • If c = −1, lim ξ ξ 01 ρ 0 (ξ) = lim ξ 0 ρ 0 (ξ) = ∞ and lim ξ ξ 02 ρ 0 (ξ) = ρ 0,−1 , where ρ 0,−1 is a negative real constant (we preserve the same notation for the limit of ρ 0 when ξ approaches the maximum value denoted by ξ 02 ). • If c = 1, lim ξ ξ 01 ρ 0 (ξ) = ρ 0,1 and lim ξ ξ 02 ρ 0 (ξ) = ρ 0,−1 , where ρ 0,1 is a positive real constant and ρ 0,−1 is a negative real constant.
Proof. We note that the proof of this result, when c = −1, was given in [14] . It is easy to see that, by the same arguments, the c = 0 case holds. From now on, we will consider the c = 1 case. In order to compute the limits of ρ 0 when ξ approaches ξ 01 and ξ 02 , respectively, first we note that ρ 0 (ξ) is positive for any ξ ∈ (ξ 01 , ξ 00 ), and
Then, since
Therefore, lim
Similarly, we can see that ρ 0 (ξ) is negative for any ξ ∈ (ξ 00 , ξ 02 ) and
ξ ∈ (ξ 00 , ξ 02 ) . In conclusion, lim ξ ξ 02 ρ 0 (ξ) = ρ 0,−1 ∈ R * − .
With the above change of coordinates, the metric g c,C can be rewritten as
Remark 3.5. We note that, when c = 1, we have lim ρ ρ 0,−1 and thus, the metric g 1,C can be smoothly extended to the boundary ρ = ρ 0,−1 and ρ = ρ 0,1 .
In [14] we constructed a complete metricg c , when c = −1. In that case, it was enough to glue two metrics g −1,C (the same constant C), along the boundary, in order to obtain the complete surface R 2 ,g −1 . Then, we prove that from R 2 ,g −1 there exists a unique biconservative immersion in H 3 . The same steps can be also taken when c = 0. More precisely, if we glue two metrics g 0,C , one gets a complete surface R 2 ,g 0 ; then, the existence and the uniqueness of a biconservative immersion from R 2 ,g 0 in R 3 can be proved using the fundamental theorem of surfaces in 3-dimensional space forms. More interesting is to study the c = 1 case because, in order to obtain a complete metricg 1 , we have to perform the gluing process for infinitely many times.
In fact, for c = 0 we can reobtain Theorem 4.1. from [13] (where the complete abstract surface was obtained by working with isothermal coordinates), and for c = 1 we will reobtain Proposition 4.17. from [13] (where the idea was that the abstract standard biconservative surface is isometric to a surface of revolution in the 3-dimensional Euclidean space R 3 ).
Next, we will focus on the c = 1 case. We will obtain a complete surface first extending by "symmetry" the surface ((ρ 0,−1 , ρ 0,1 ) × R, g 1,C ) with respect to its boundary given by ρ = ρ 0,1 and by ρ = ρ 0,−1 , and then, continuing this process for infinitely many times.
More precisely, in order to extend our surface to the "right hand side", we impose the line ρ = ρ 0,1 to be an axis of symmetry. Therefore, we have 2ρ 0,1 = ρ 0 (ξ)+ρ 1 (ξ), or, equivalently, ρ 1 (ξ) = 2ρ 0,1 − ρ 0 (ξ), where ρ 1 : (ξ 01 , ξ 02 ) → R. It is easy to see that lim ξ ξ 01 ρ 1 (ξ) = ρ 0,1 , lim ξ ξ 02 ρ 1 (ξ) = 2ρ 0,1 − ρ 0,−1 , and, since ρ 1 (ξ) = −ρ 0 (ξ) > 0, for any ξ ∈ (ξ 01 , ξ 02 ), it follows that ρ 1 is strictly increasing and the image ρ 1 (ξ 01 , ξ 02 ) is (ρ 0,1 , ρ 0,2 ), where ρ 0,2 = 2ρ 0,1 − ρ 0,−1 .
Since ρ 1 is a diffeomorphism on its image, we can consider ρ −1 1 : (ρ 0,1 , ρ 0,2 ) → (ξ 01 , ξ 02 ), with ρ −1 1 : ξ 1 = ξ 1 (ρ), ρ ∈ (ρ 0,1 , ρ 0,2 ). Clearly, lim
We also note that the new surface
is isometric to the initial surface
and, therefore, it is also isometric to the abstract standard biconservative surface. In order to extend our surface to the left hand side, we impose the line ρ = ρ 0,−1 to be an axis of symmetry. Therefore, we have 2ρ 0,−1 = ρ 0 (ξ)+ρ −1 (ξ), or, equivalently, ρ −1 (ξ) = 2ρ 0,−1 − ρ 0 (ξ), where ρ −1 : (ξ 01 , ξ 02 ) → R. It is easy to see that lim ξ ξ 01 ρ −1 (ξ) = 2ρ 0,−1 − ρ 0,1 , lim ξ ξ 02 ρ −1 (ξ) = ρ 0,−1 , and, since ρ −1 (ξ) = −ρ 0 (ξ) > 0, for any ξ ∈ (ξ 01 , ξ 02 ), it follows that ρ −1 is strictly increasing and ρ −1 (ξ 01 , ξ 02 ) = (ρ 0,−2 , ρ 0,−1 ), where ρ 0,−2 = 2ρ 0,−1 − ρ 0,1 .
Since ρ −1 is a diffeomorphism on its image, we can consider ρ −1 −1 :
Clearly, lim
We will continue this process, extending by symmetry with respect to the line ρ = ρ 0,r , for any r ∈ Z * . We define ρ 0,2 = 2ρ 0,1 −ρ 0,−1 , ρ 0,3 = 2ρ 0,2 −ρ 0,1 = 3ρ 0,1 −2ρ 0,−1 , etc.; then ρ 0,−2 = 2ρ 0,−1 − ρ 0,1 , ρ 0,−3 = 2ρ 0,−2 − ρ 0,−1 = 3ρ 0,−1 − 2ρ 0,1 , etc.. Now, we can generalize these formulas and define ρ = ρ 0,r , r ∈ Z * , by
Performing this process, we also obtain the functions ρ r . For example,
Since ρ s is a diffeomorphism on its image, we can consider ξ s = ξ s (ρ) its inverse function, for any s ∈ Z, and we note that
It is easy to see that
and this is equivalent to
Now, we glue all functions ξ s and obtain the function F : R → [ξ 01 , ξ 02 ] defined by
By some standard computations it is possible to verify that the non-vanishing function F is at least of class C 3 . We also note that the function F is periodic and the principal period is 2 (ρ 0,1 − ρ 0,−1 ). These properties of F are illustrated in Figure 1 , where we chose C = 3.
In order to write in a simpler way the metric, we consider the function Γ(ρ) = 1/F (ρ), which has the same properties as F . In conclusion, we can state the next theorem.
Theorem 3.6. The surface
Proof. In order to prove that the metricg 1,C is complete, first we note that Γ(ρ) ≥ 1/ξ 02 , for any ρ ∈ R, and then consider the metric
where m 0 is the minimum between 1/ξ 2 02 and 1. As the metricg 0 is complete and g 1,C −g 0 is non-negative at any point of the surface, it follows thatg 1,C is complete (see [6] ). Remark 3.7. Since gradK (ρ 0,r , θ) = 0, for any θ ∈ R, whereK is the Gaussian curvature of R 2 ,g 1,C , it follows, from the second item in Theorem 2.14, that the lines ρ = ρ 0,r are geodesics in R 2 ,g 1,C , for any r ∈ Z * .
We also note that, since the Gaussian curvature of the complete surface R 2 ,g 1,C satisfies gradK 1,C (ρ 0,r , θ) = 0, for any θ ∈ R, the existence of a (non-CM C) biconservative immersion from R 2 ,g 1,C in S 3 is not ensured. So, our aim is to construct such an immersion.
For the sake of simplicity, we will omit writing the parameters 1 and C in the following construction. Let us denote by h s (ρ) = 1/ξ s (ρ), for any s ∈ Z, and consider 0 g(ρ, θ) = h 2 0 (ρ)dθ 2 + dρ 2 , for any (ρ, θ) ∈ ((ρ 0,−1 , ρ 0,1 ) × R), r g(ρ, θ) = h 2 r (ρ)dθ 2 + dρ 2 , for any (ρ, θ) ∈ ((ρ 0,r , ρ 0,r+1 ) × R), with r ≥ 1, and
for any (ρ, θ) ∈ ((ρ 0,r−1 , ρ 0,r ) × R), with r ≤ −1. It is easy to see that the Gaussian curvatures of the above surfaces are given by
and their derivatives are equal to
.
Since s K(ρ) = K (ξ s (ρ)), using (3.7), it follows that s K (ρ) < 0, if s is odd, and s K (ρ) > 0, if s is even. Now, let us consider the vector fields Now, let us define the following vector field on R 2 (3.9)
In other words, the vector field X 1 is given by X 1 = ∂ ∂ρ on R 2 . Now, the vector field X 1 uniquely determines a global vector field X 2 by asking {X 1 (ρ, θ), X 2 (ρ, θ)} to be a positive orthonormal frame field in R 2 ,g , for any (ρ, θ) ∈ R 2 . Obviously, (3.10)
that is X 2 is given by
∂ ∂θ on R 2 , where 1/Γ is given by (3.8) . In the following, we give some properties of X 1 and X 2 .
Proposition 3.8. Let R 2 ,g the above complete surface. Then, the Gaussian cur-vatureK of R 2 ,g satisfies 1 −K > 0 at any point, and the vector fields X 1 and X 2 defined above, satisfy on R 2 (3.11)
Proof. For the curvatureK we havẽ In order to prove (3.11), we first work on (R \ {ρ 0,r : r ∈ Z * }) × R and then, we pass to the limit. Now, we can state the following existence and uniqueness result. Theorem 3.9. Let R 2 ,g the above complete surface. Then, there exists a unique biconservative immersion Φ : R 2 ,g → S 3 . Moreover, grad f = 0 at any point of (R \ {ρ 0,r : r ∈ Z * }) × R, where f is the mean curvature function of immersion Φ.
Proof. First, we note that from Proposition 3.8 we know that the vector fields X 1 and X 2 on R 2 , previously defined, satisfy (3.11) on R 2 .
In order to prove the existence of a biconservative immersion Φ : R 2 ,g → S 3 , let us define an operator A : C T R 2 → C T R 2 such that
We will prove that A satisfies the Gauss and the Coddazi equations. Indeed, since the matrix of A with respect to the basis {X 1 , X 2 } is
it is clear that det A = −1 +K, i.e., the Gauss equation is satisfied, and trace A = 2 √ 3 1 −K.
By some direct computations, using also (3.11) , one obtains that
i.e., the Codazzi equation is verified. Therefore, from the fundamental theorem of surfaces in S 3 , it follows that there exists a unique, globally defined, isometric immersion Φ : R 2 ,g → S 3 such that A is its shape operator. Moreover, Φ is biconservative as the operator A satisfies
where f = trace A. Now, we will prove the uniqueness of the biconservative immersions from R 2 ,g in S 3 . Let Φ 1 and Φ 2 two biconservative immersions from R 2 ,g in S 3 . Obviously, the restrictions of these immersions to (ρ 0,r , ρ 0,r+1 ) × R, with r ≥ 1, to (ρ 0,−1 , ρ 0,1 ) × R, or to (ρ 0,r−1 , ρ 0,r ) × R, with r ≤ −1, are biconservative. Therefore, using Theorem 2.13, it follows that grad f = 0 on ((ρ 0,r , ρ 0,r+1 ) × R,g), with r ≥ 1, on ((ρ 0,−1 , ρ 0,1 ) × R,g), and on ((ρ 0,r−1 , ρ 0,r ) × R,g), with r ≤ −1, and these restrictions are unique (up to isometries of S 3 ).
It follows that there exists a family of isometries { s F } s∈Z of S 3 which preserve its orientation, such that Φ 2|(ρ 0,s ,ρ 0,s+1 )×R = s F • Φ 1|(ρ 0,s ,ρ 0,s+1 )×R , s ≥ 1 Φ 2|(ρ 0,−1 ,ρ 0,1 )×R = 0 F • Φ 1|(ρ 0,−1 ,ρ 0,1 )×R , s = 0 Φ 2|(ρ 0,s−1 ,ρ 0,s )×R = s F • Φ 1|(ρ 0,s−1 ,ρ 0,s )×R , s ≤ −1.
Using the same argument as in Theorem 3.10 from [14] , we can prove that s F = s+1 F , for any s ∈ Z, i.e., we have just one isometry F of S 3 .
Remark 3.10. The existence part of Theorem 3.9 was essentially obtained in Theorem 4.18 from [13] , by a direct construction.
